Abstract. We prove that if G j are right orderable groups with non-trivial cyclic subgroups C j ð j ¼ 1; 2Þ, then the (group) free product of G 1 and G 2 with C 1 and C 2 amalgamated is right orderable. We will deduce this from our main theorem that every lattice-ordered group can be embedded in one in which there are precisely four conjugacy classes. As a consequence of our method, we also show that every right ordered group can be embedded in a right ordered group in which any two non-identity elements are conjugate.
Background
A group G is said to be right orderable if there is a total order c on G such that fh c gh whenever f c g ð f ; g; h A GÞ.
A lattice-ordered group G is a lattice and a group such that hð f 4gÞk ¼ hfk4hgk and hð f 5gÞk ¼ hfk5hgk ð f ; g; h; k A GÞ. We denote by G þ the set fg A G : g > 1g where g d f is shorthand for g4 f ¼ g and we call G þ the set of strictly positive elements of G. We write gk f if (g H f and g G f ) and say that g and f are incomparable. If there are no elements incomparable to the identity, then the order is total and we say that the group is ordered. A group which can be made into an ordered group is called orderable.
Throughout, embeddings will be in context. For totally ordered sets they will preserve the order, for right orderable groups they will preserve the group operation, for right ordered groups they will preserve the group and order structure, and for lattice-ordered groups they will preserve the group and lattice operations.
If ðW;cÞ is a totally ordered set, then AðWÞ :¼ AutðW;cÞ is a lattice-ordered group under composition and the pointwise lattice ordering (að f 4gÞ ¼ maxfaf ; agg and að f 5gÞ ¼ minfaf ; agg). Indeed, Holland [11] has proved that every latticeordered group can be embedded in AðWÞ for some totally ordered set ðW;cÞ, the embedding being as a lattice and a group. For g A AðWÞ, the support of g is suppðgÞ ¼ fa A W : ag 0 ag, and if a A suppðgÞ, then the supporting interval of g containing a is the set fb A W : ðbm; n A ZÞðag n < b < ag m Þg. If ag > a, we say that the interval is positive; and if ag < a, we say that the interval is negative. A convex subset D of W that is maximal with respect to dg ¼ d ðd A DÞ will be called a fixedpoint interval of g.
Note that if D is a supporting interval of g, then there is a countable subset D 0 ¼ fag n : n A Zg of D such that supðD 0 Þ ¼ supðDÞ and inf ðD 0 Þ ¼ inf ðDÞ, the suprema and infima being in the Dedekind completion of W.
Note that AðWÞ is right orderable: well order ðW;cÞ, say by 0; declare f 0 g in G if and only if bf < bg, where b is the least element (under 0) of suppðgf À1 Þ. This is a right ordering on AðWÞ that extends the lattice ordering on AðWÞ; i.e., if f < g in the lattice ordering, then f 0 g in this right ordering (but not necessarily conversely). By Holland's theorem, every lattice-ordered group is right orderable. Using the right regular representation, if c is a right order on a group G, then G can be embedded (as a group) in AutðG;cÞ. Hence every right orderable group can be embedded in a right orderable group that is lattice-orderable. We will exploit this duality.
In [13] , Pierce proved that the amalgamation property fails for lattice-ordered groups and Bludov [4] proved that the free product of right orderable groups with amalgamated subgroup need not be right orderable. In contrast, in the same paper, Pierce showed that one can amalgamate (in the class of lattice-ordered groups) a sublattice subgroup if it is an archimedean ordered group, and Bergman [2] gave conditions when a free product of right orderable groups with amalgamated subgroup is right orderable. Pierce's proof for the amalgamation of archimedean ordered sublattice subgroups relied on proving that every lattice-ordered group can be embedded in one in which any two strictly positive elements are conjugate. Since strictly negative elements are inverses of strictly positive ones and g f :¼ f À1 gf > 1 if and only if g > 1, the number of conjugacy classes of a non-totally-ordered lattice-ordered group is at least four; it is at least three more than the number of conjugacy classes of elements incomparable to the identity element. Our main result is a strengthening of Pierce's result which answers Question 4 of the list of unsolved problems in [9, Chapter 11] .
Theorem A. Every lattice-ordered group can be embedded in one in which there are precisely four conjugacy classes.
We will deduce
Theorem B. If G j are right orderable groups with non-trivial cyclic subgroups C j ð j ¼ 1; 2Þ, then the (group) free product of G 1 and G 2 with C 1 and C 2 amalgamated is right orderable. and Theorem C. Every right ordered group can be embedded in a right ordered group in which any two non-identity elements are conjugate. 
Proof of Theorem A
The key to the modification of Pierce's proof is to represent G as a group of orderpreserving permutations so that for each g A G with gk1, between any two positive (negative) supporting intervals of g there is both a positive and a negative supporting interval of g, and a (possibly singleton) fixed-point interval of g; moreover, such supporting intervals of g occur above and below any positive or negative supporting interval of g so that between them, the positive supporting intervals, negative supporting intervals and fixed-point intervals of g form an a-set of degree 3; i.e., a saturated totally ordered 3-coloured set (see [7] and below). We achieve this by modifying Pierce's proof. We will easily deduce that in some lattice-ordered group G y containing G, there are precisely four conjugacy classes (in G y ) of elements of G, and thence obtain Theorem A.
For ease of presentation, the proof that we give relies on the Generalized Continuum Hypothesis, though this dependence can be removed; see [14] and [15] .
Recall that a totally ordered set ðL;cÞ of cardinality @ a is called an a-set if for all
The existence of such sets for arbitrarily large a is guaranteed by the Generalized Continuum Hypothesis (see [7, Proposition 5.1.5] ).
Let G be a lattice-ordered group. By Holland's theorem, we may assume that G is a sublattice subgroup of AðWÞ for some totally ordered set ðW;cÞ. We can embed AðWÞ in the group of order-preserving permutations of an a-set, where @ a d maxfjGj; jWj; @ 1 g; see [7, Propositions 5.1.8 and 5.1.9]. We may therefore assume that ðW;cÞ is an a-set and G is a sublattice subgroup of AðWÞ. Let ðT;cÞ be another a-set. Let t 0 1 < t 1 < t 2 < t 0 2 in T, the Dedekind completion of T, with t 1 , t 0 1 the suprema of sequences of points in T of order type strictly less than @ a (and so the infima of sequences of points of T of reverse order type @ a and not less), and t 2 , t 0 2 the infima of sequences of points in T of reverse order type strictly less than @ a (and so the suprema of sequences of points of T of order type @ a and not less). Then the intervals ðt 1 ; t 2 Þ and ðt 0 1 ; t 0 2 Þ in T are a-sets by definition. We identify W with the interval ðt 1 ; t 2 Þ and so obtain that every element of G has support (in T) bounded below by t 1 and above by t 2 .
We recall the a and [ constructions from [8, pp. 193-201] . Let ðL;cÞ be a totally ordered set and ðL;cÞ be the Dedekind completion of ðL;cÞ with the natural extended order. Let L a be the union of L and all cuts ðA; BÞ J L where either there is a sequence in A of cardinality strictly less than @ a whose supremum is supðAÞ ¼ inf ðBÞ or there is a sequence in B of cardinality less than @ a whose infimum is supðAÞ ¼ inf ðBÞ. Then L a inherits the total order from L. We regard ðL;cÞ as a subset of ðL a ;cÞ in the natural way and embed AðLÞ in AðL a Þ by (uniquely) extending each order-preserving permutation of ðL;cÞ to one of ðL a ;cÞ. If a lattice-ordered group H is a sublattice subgroup of AðLÞ, then we denote by H a its extension to a sublattice subgroup of AðL
The [ construction is more complicated and we will need to modify it. Let ðL;cÞ be a totally ordered set and s 1 < s 2 in L. Let H be a sublattice subgroup of AðLÞ with suppðhÞ J ðs 1 ; s 2 Þ for all h A H. Let K be the set of H-orbits
Then L K and R K are l-ideals (convex normal sublattice subgroups) of the stabilizer subgroup 
Let fxðKÞ : K A Kg be a set of new symbols. Pierce let
and we do the same, but only if K (necessarily the singleton f0 K g) satisfies K V ðs 1 ; s 2 Þ ¼ q. However, we modify his construction if K A K with K J ðs 1 ; s 2 Þ by instead letting fLðKÞ : K A Kg be a disjoint family of copies of L (under the identification l 7 ! lðKÞ) and defining
Define a total order on L [ by
We 
We let
We now alternate these two constructions to form ðG y ; T y Þ from ðG; WÞ by transfinite induction.
Let ðG 0 ; W 0 Þ :¼ ðG; TÞ as above with suppðgÞ J ðt 1 ; t 2 Þ for all g A G.
Let ft 1; m : m < @ a g be an ordinally indexed strictly decreasing sequence with inf ft 1; m : m < @ a g ¼ t 0 1 , t 1; 0 ¼ t 1 and for any limit ordinal m < @ a , let t 1; m ¼ infft 1; n : n < mg. Dually, let ft 2; m : m < @ a g be an ordinally indexed strictly increasing sequence with supft 2; m : m < @ a g ¼ t 0 2 , t 2; 0 ¼ t 2 and for any limit ordinal m < @ a , let t 2; m ¼ supft 2; n : n < mg.
Every successor ordinal can be written in the form n þ n, where n is a limit ordinal or 0 and n A Z þ .
If n is odd, say
let j m be the identity on T nþ2m and c m be c a applied to G nþ2m . If n is even, say n ¼ 2m so that m ¼ n þ 2m, we apply the [ construction to ðG nþ2mÀ1 ; T nþ2mÀ1 Þ with s j :¼ t j; nþ2m ð j ¼ 1; 2Þ, and let
let j m be j [ applied to T nþ2mÀ1 and c m be c [ applied to G nþ2mÀ1 . If m is a limit ordinal, let ðG m ; T m Þ be the direct limit of fðG m 0 ; T m 0 Þ : m 0 < mg. Let j m be the direct limit of fj m 0 : m 0 < mg and c m be the direct limit of fc m 0 : m 0 < mg. Let ðT y ;cÞ be the direct limit of fðT m ;cÞ : m < @ a g with the above orderpreserving injections. Note that T y is an a-set as it has the desired properties by construction. We view G Ã , the direct limit of fGc m : m < @ a g, as a sublattice subgroup of AðT y Þ in the natural way. By construction, every element of G Ã has support contained in the interval ðt 
c l 1 < l 2 c t 2; m with l j gc m ¼ l j ð j ¼ 1; 2Þ, then l j A T n for some odd ordinal n < m and, as noted above, l j j nþ1 is fixed by gc nþ1 ð j ¼ 1; 2Þ. Let l A T nþ1 with l 1 < l < l 2 and K be the G nþ1 c nþ1 -orbit to which l belongs. Then l 1 j [ < ðT nþ1 ðKÞ; lÞ < l 2 j [ and gc nþ2 is not the identity on ðT nþ1 ðKÞ; lÞ. Hence gc m is not the identity on ðl 1 ; l 2 Þ J T m .
Recall that a 3-coloured a-set is an a-set W, each of whose elements is coloured exactly one of red, amber or green such that for any B 1 ; B 2 J W with B 1 < B 2 and jB 1 U B 2 j < @ a , there are points g R , g A and g G coloured red, amber and green, respectively, such that B 1 < g j < B 2 for j A fR; A; Gg. This definition allows B 1 or B 2 to be empty. Let g Ã :¼ gc @ a be a non-identity element of G Ã . The above computations show that if we colour the positive intervals of g Ã green, the negative intervals of g Ã amber and the fixed points of g Ã red, and if we delete the initial and final fixed-point intervals of g Ã then (i) if g > 1, the set of intervals of g Ã coloured red and green forms a 2-coloured a-set;
(ii) if g < 1, the set of intervals of g Ã coloured red and amber forms a 2-coloured a-set; and (iii) if gk1, the set of intervals of g Ã coloured red, amber and green forms a 3-coloured a-set.
Since 2-coloured a-sets and 3-coloured a-sets form saturated models, each is homogeneous (see [7, Proposition 5.1.9] ). Hence, if g; h A G þ , there is f A AðT y Þ with f À1 gf ¼ h; if g; h < 1, there is f A AðT y Þ with f À1 gf ¼ h; and if g, hk1, there is f A AðT y Þ with f À1 gf ¼ h. Enumerate all pairs P of elements of G Ã that are both strictly positive; do the same for all pairs N of G Ã that are both strictly negative, and also for all pairs I of G Ã that are both incomparable to the identity. The number of such pairs is jGj: For each such pair ðg; hÞ, let f :¼ f ðg; hÞ A AðT y Þ be such that f À1 gf ¼ h. Let G y be the sublattice subgroup of AðT y Þ generated by G Ã and the set of all f ðg; hÞ for ðg; hÞ A P U N U I . Then jG y j c @ a and G Ã G G has precisely four conjugacy classes in G y .
Aside. For each pair ðg; hÞ A P U N U I , we can choose f A AðT y Þ with f À1 gf ¼ h so that (if g G 1) f moves uncountably many positive intervals of g up and also uncountably many such intervals down; and further (if g H 1) f moves uncountably many negative intervals of g up and also uncountably many such intervals down. This follows immediately by the high homogeneity of saturated models (op. cit.).
Let Gð0Þ :¼ G; and for
By construction, L has precisely four conjugacy classes and contains G as a sublattice subgroup. This completes the proof of Theorem A. r Corollary 2.1. Every lattice-ordered group G can be embedded in a lattice-ordered group L which has the property that for all h 0 A Lnf1g, each element of L is the product of a conjugate of h 0 and a conjugate of h
The following proof is due to George M. Bergman and simplifies our original proof. We are most grateful to him for allowing us to use it.
Proof. Let L be the lattice-ordered group constructed from G in Theorem A, and h 0 A Lnf1g. Let C be the conjugacy class to which h 0 belongs. 
, and so there is a strictly positive element (namely, h 1 ) that is a product of a conjugate of h 0 and a conjugate of h À1 0 . Hence every strictly positive element of L can be written in the desired form. Since C ¼ C À1 in this case, every strictly negative element of L can be written in the desired form. The corollary follows. r Corollary 2.2. Let G be a finitely generated lattice-ordered group. Then G has soluble word problem if and only if it can be embedded in a simple lattice-ordered group that can be embedded in a finitely presented lattice-ordered group.
Proof. In [10] , Glass proved that if G is any finitely generated lattice-ordered group, then G has soluble word problem if and only if it can be embedded in an l-simple lattice-ordered group S that can be embedded in a finitely presented lattice-ordered group. The lattice-ordered group S had the property that any two strictly positive elements of S were conjugate. However, if G has soluble word problem and we use Gð0Þ of the proof of Corollary 2.1, then Gð0Þ is finitely generated and has soluble word problem. Instead of using Pierce's result, we apply the proof of Theorem A (together with the Aside) to Gð0Þ in the construction in [10] (substituting P U N U I in place of P) and obtain that S has exactly four conjugacy classes; it is simple as a group by the proof of Corollary 2.1. r
0 Þ and G j can be embedded in the group of order-preserving permutations of T j by using the right regular representation on each (any point a A W j is mapped by g A G j to their product ag in W j ¼ G j ; any point a 0 A W 0 j is mapped by g A G j to the image of their product ðagÞ 0 in W 0 j (under the natural maps)). Note that every non-identity element of G j is mapped to an element of AðT j Þ that is incomparable to the identity element in the pointwise lattice ordering as 1g < 1 if and only if 1
can be embedded as a group in the lattice-ordered group AðTÞ in the natural way so that suppðg j Þ J T j ð j ¼ 1; 2Þ. Then the images of f 1 and f 2 are incomparable to the identity. By Theorem A, there is an embedding of AðTÞ into a lattice-ordered group L in which the images of f 1 and f 2 are conjugate, say by y A L. Let c j : G j ! L be the embeddings ð j ¼ 1; 2Þ andŷ y be the inner automorphism x 7 ! y À1 xy of L. Then the embeddings c 1ŷ y : G 1 ! L and c 2 : G 2 ! L amalgamate the images of f 1 and f 2 in L. As shown in Section 1, every lattice-ordered group is right orderable. Hence so is L. That is, the right orderable groups G 1 and G 2 can be amalgamated over C 1 , C 2 in the class of right orderable groups. It follows by Bergman's result ( [2, Theorem 35] ) that the (group) free product of G 1 and G 2 with C 1 and C 2 amalgamated is also right orderable. r
The above proof can be adapted to show that any right orderable group can be embedded in a right orderable group in which any two non-identity elements are conjugate. Rather than give this modification, we prove a stronger version, Theorem C.
Proof of Theorem C. As in the penultimate paragraph of the proof of Theorem A, it is enough to prove that every right ordered group ðG;cÞ can be embedded in a right ordered group ðrðLÞ;cÞ in which any two non-identity elements of G are conjugate. Let ðG;cÞ be a right ordered group. Let ðG 0 ;c 0 Þ be a copy of the same group but with the reverse right order. Let ðW;cÞ be the ordered set ðG;cÞ U ðG 0 ;c 0 Þ. As before, we have a map y : G ! AðWÞ given by aðgyÞ ¼ ag ða A GÞ and a 0 ðgyÞ ¼ ðagÞ
Then y is a group embedding of G into AðWÞ. If a A G þ , then under the pointwise (lattice) ordering on AðWÞ we have ayk1 since 1ðayÞ ¼ a d 1 and 1 0 ðayÞ ¼ a 0 c 0 1 0 ; and mutatis mutandis if a À1 A G þ . Thus the image under y of any non-identity element of G is incomparable to the identity of the lattice-ordered group AðWÞ. We now proceed as in the proof of Theorem A to get a lattice-ordered group L (with AðWÞ isomorphic to a sublattice subgroup of L which is a sublattice subgroup of AðTÞ) in which any pair of elements of AðWÞ that are incomparable to the identity are conjugate in L. Let c denote this embedding. By construction, any two nonidentity elements of G are conjugate in L. In the construction, we obtained an orderpreserving injection j : ðW;cÞ ! ðT;cÞ with ðajÞðgycÞ ¼ ðaðgyÞÞj ða A W; g A GÞ:
We now change the orderings on AðWÞ and AðTÞ. Well order W so that the identity element of G is the least element, and right order AðWÞ as explained in Section 1. Then y preserves the right order ðG;cÞ because the identity of G is the least element of W in the well ordering. If we well order T with least element 1j, then AðTÞ (and so L) becomes a right ordered group. We denote the group L with this right ordering by ðrðLÞ;cÞ. Now yc : ðG;cÞ ! ðrðLÞ;cÞ is an embedding of ðG;cÞ in ðrðLÞ;cÞ (as right ordered groups). This establishes Theorem C. r Question 5 in [9, Chapter 11] only asked whether every right ordered group can be embedded in one in which any two strictly positive elements are conjugate. So Theorem C does more.
Corollary 3.1. Every ordered group can be embedded in a right ordered group in which any two non-identity elements are conjugate.
This corollary may at first seem surprising since it is false if we replace the category of right ordered groups by either the category of ordered groups or the category of lattice-ordered groups (g À1 fg > 1 whenever f > 1 if the order is two-sided). Indeed, the corollary is false if we restrict to the class of ordered groups and merely require that any two strictly positive elements are conjugate. This is immediate because the larger group is necessarily divisible (for any m
m is an mth root of g) and Bludov [3] has provided examples of centre-by-metabelian orderable groups which cannot be embedded in any divisible orderable group. However, the corollary does give another proof of the known result ([9, Corollary 8.6.4]) that every right ordered group can be embedded in a divisible right ordered group.
Equations over groups
Let G be a group and F ¼ F ðx 1 ; . . . ; x n Þ be the free group of rank n. Let H :¼ G Ã F . Let w ¼ wða 1 ; . . . ; a k ; x 1 ; . . . ; x n Þ A H with a 1 ; . . . ; a k A G and x 1 ; . . . ; x n A F . We call x 1 ; . . . ; x n the variables in w and a 1 ; . . . ; a k the constants in w. For example, uða; xÞ :¼ ax À1 ax has one variable x and one constant ða A GÞ. Suppose that w not conjugate to any element of G; i.e., w A HnG H . We obtain an equation wða 1 ; . . . ; a k ; x 1 ; . . . ; x n Þ ¼ 1 over the group G in variables x 1 ; . . . ; x n with constants a 1 ; . . . ; a k (in G). We say that the equation w ¼ 1 is soluble over G if G is embeddable in a groupĜ G containing elementsĝ g 1 ; . . . ;ĝ g n such that wða 1 ; . . . ; a k ;ĝ g 1 ; . . . ;ĝ g n Þ ¼ 1 inĜ G; and we say that the equation w ¼ 1 is soluble inĜ G and that ðĝ g 1 ; . . . ;ĝ g n Þ is a solution.
A class of groups K is closed under equation w ¼ 1 if for any group G A K, there is a groupĜ G A K containing G in which the equation w ¼ 1 is soluble.
Since every right ordered group can be embedded in a divisible right ordered group (by Theorem C or [9, Corollary 8.6 .4]), the classes of right ordered and right orderable groups are closed under equation ax n ¼ 1 for all n A Z þ . Also, from Theorem C we deduce that the classes of right ordered and right orderable groups are closed under equation a 1 x À1 a 2 x ¼ 1 ða 1 ; a 2 0 1Þ. Of course, ax À1 ax ¼ 1 has no solution in any lattice-ordered group if a > 1. However, Adeleke and Holland [1] showed that in (and so over) AðRÞ any expression of the form wðx 1 ; . . . ; x n Þ ¼ a (with constant a A AðRÞ) has a solution in AðRÞ. Note that if G is any right ordered group and a A G þ , then ax À1 ax ¼ 1 is soluble in a right ordered group containing G by Corollary 3.1. We can say a little more:
Theorem D. The classes of right ordered and right orderable groups are closed under any equation wða; x 1 ; . . . ; x n Þ ¼ 1 with a single constant a A G.
Proof. If wða; x 1 ; . . . ; x n Þ ¼ vða; x 1 ; . . . ; x n Þ m then the solutions to w ¼ 1 and v ¼ 1 are the same. Therefore we may assume that wða; x 1 ; . . . ; x n Þ is not a proper power. In this case (see [12, Proposition 5 .18]), the one-relator group L ¼ hb; y 1 ; . . . ; y n j wðb; y 1 ; . . . ; y n Þ ¼ 1i is torsion-free. By a result of Brodsky ([5, Corollary 2.3]), H is locally indicable and so right orderable [6] . Now let ðG;cÞ be any right ordered group. We can embed G (extending the order) into the direct product G Â L and (by Theorem C) then embed G Â L into a right ordered groupĜ G in which the elements a A G and b A L are conjugate: a ¼ b h for a suitable h AĜ G. Since wðb; y 1 ; . . . ; y n Þ ¼ 1, we have that ðy h 1 ; . . . ; y h n Þ is a solution to the equation wða; x 1 ; . . . ; x n Þ ¼ 1 inĜ G. r Question. In the general case (when there are more constants), are there always solutions of equations over right ordered (right orderable) groups?
